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Abstract: The hot dispersion equation of the backward wave 
oscillator (BWO) with the partially dielectric-loaded (PDL) 
nonuniform grating is proposed in this paper. The expression of the 
hot dispersion equation is given and the resonant growth rate is 
verified by the Pierce small signal gain of a BWO with the PDL 
nonuniform grating.   
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Introduction 

The nonuniform grating has been used in the BWOs and 
clinotrons[1,2]. The ohmic losses of the  nonuniform grating 
are lower and the hybrid space-surface waves of the slow wave 
structure (SWS) reduce the starting current of the BWO with 
the nonuniform grating. It is important to study the high-
frequency characteristics and beam-wave interaction of the 
PDL nonuniform-grating-based SWS. The dispersion curve 
and small signal gain have been discussed in [3]. The hot 
dispersion equation which can describe the beam-wave 
interaction is derived and is verified in this paper. 

Model and Formula 

The positional relationship between the sheet beam and the 
PDL nonuniform-grating-based SWS is shown in Fig. 1. The 
number of grooves per period is N, the width of the grooves is 
d, the distance between grooves is l, the length per period is L, 
the distance between grating surface and the upper wall is D 
and the width of the gratings is a. For the pth groove, the 
depth of the groove is ph , the thickness of the dielectric is 1ph  

and the relative permittivity of the dielectric is p . The width 

of the beam is a, the thickness of the beam is ed , the beam-
grating distance is b, the volume density of charge is 

0= eI S  and eI  is the current of the beam. 
 

 
Fig. 1. Model of sheet beam and PDL nonuniform-grating-based 

SWS: the light gray shadowing, the deep gray shadowing and the 
black shadowing indicate metal, dielectric and sheet beam, 

respectively. (a) Axial cross-section view; (b) transversal cross-section 
view. 

 
The process of solving the hot dispersion equation is similar 

to that of solving the dispersion equation for the PDL 
nonuniform-grating-based SWS[3]. The area is divided into 
five regions: eb d y D    is the region between the beam 

and the upper wall of the waveguide, eb y b d    is the 

region of the beam,  0 y b   is the region between the 

beam and the grating surface,  1 0p ph h y     is the region 

without dielectric in the groove, and  1p p ph y h h      is 

the region with dielectric in the groove. 
Through a detailed algebraic operation, we can obtain the 

hot dispersion equation as follows: 

 1
0 1

0
p Ns n m

ns ms nmp n
s n m p

X Y A
  

   

 
  
 
 

    (1) 

This work was supported by the National Defense Pre-Research Foundation 
of China under Grant JZX2017-1470/Y364 

978-1-5386-8288-3/20/$31.00 ©2020 IEEE 197



      

    
      

     

' '

0

0 0 ,
=

0 0

2 0 0 ,
                

' 0 ' 0 1

s

n

j p q l
p s

ms nmp
s s s

j p q l
n n n n

p m

m
G J g W e

d
X Y

F T f L

m
F T f W e

d

G J g d













 

   
 



   
 

 

 (2) 

 
1 2

3 4
n n

n
n n

R R
R

R R





                 

1 2

3 4
n n

n
n n

T T
T

T T





 (3) 

      1 2 2
0 'n e x e eR k k O b d D U b d      (4) 

      2 2 2
0 'n x e eR k k O b d D U b d      (5) 

      3 2 2
0 'n x e eR k k O b d D u b d      (6) 

      4 2 2
0 'n e x e eR k k O b d D u b d      (7) 

         1 2 2
0= ' 'n x nT k k U b R u b F b   (8) 

         2 2 2
0 'n e x nT k k U b R u b F b    (9) 

         3 2 2
0 'n e x nT k k U b R u b f b    (10) 

         4 2 2
0 ' 'n x nT k k U b R u b f b    (11) 

       
       

2 2
2 1 1 3 1 1

2 2
3 1 1 2 1 1

' '

' '

p p p p p p
p

p p p p p p

k I h G h h k I h G h h
J

k I h g h h k I h g h h

 

 

  


  
 (12) 

 
 
 

2 2 2
0

2 2 2
0

cosh 0
( )

cos 0

yn x n

yn x n

y k k
O y

y k k

 

 

    
  

 (13) 

 
 
 

2 2 2
0

2 2 2
0

sinh 0
'( )

sin 0

yn yn x n

yn yn x n

y k k
O y

y k k

  

  

    
   

 (14) 

 
 

2

23
0

1 p
e

nv




  
 


 (15) 

  det 0 I XY  (16) 

Equation (16) is the hot dispersion equation of the PDL 
nonuniform-grating-based SWS. Given f, the corresponding 
complex propagation coefficient n  can be obtained. The 

imaginary part of n  is the resonant growth rate[4]. 

    8.686Im  dB/periodnG L  (17) 

Theoretical Calculation 

The parameters of the SWS are the same as those in [3]. 
The beam-grating distance is 10 μmb  , the thickness of the 

beam is 70 μmed  , the current of the beam is 50 mAeI   

and the interaction length is 100cL L . The resonant growth 
rates and Pierce small signal gains of the 3rd  spatial 
harmonic of the 10TE  mode and 20TE mode are calculated 
and are shown in Fig. 2. The trend of the resonant growth rates 
calculated by the hot dispersion equation is the same as the 
trend of the gains calculated by the Pierce small signal gain, 
which shows the correctness of the hot dispersion equation. 
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Fig. 2. The resonant growth rates calculated by the hot dispersion 
equation and the gains calculated by the Pierce small signal gain. 

Conclusion 

In this paper, the hot dispersion equation of the BWO with 
the PDL nonuniform grating is derived. The hot dispersion 
equation is verified by the Pierce small signal gain and the 
resonant growth rates calculated by the hot dispersion equation 
are in good agreement with the gains calculated by the Pierce 
small signal gain.  
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